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The dimensional reduction of the bosonic sector of five-dimensional minimal supergravity to a 
Lorentzian four-dimensional spacetime leads to a theory with a massless axion and a dilaton cou- 
pled to gravity and two U(l) gauge fields and the dimensionally reduced equations of motion have 
5*L(2, K)/50(2)-duality invariance. In our previous work, utilizing the duality invariance, we for- 
mulated solution-generation techniques within five-dimensional minimal supergravity. In this work, 
by choosing a timelike Killing vector, we consider dimensional reduction to a four-dimensional Eu- 
clidean space, in which the field equations have SL{2, W)/SO(l, 1) invariance. In the timelike case, 
we develop a new duality transformation technique, while in the spacelike case we have done that 
in the previous work. As an example, by applying it to the Rasheed solutions, we obtain rotating 
Kaluza-Klein black hole solutions in five-dimensional minimal supergravity. In general, in contrast 
to the spacelike case, the resulting dimensionally reduced solution includes the so-called NUT pa- 
rameter and therefore from a four-dimensional point of view, such a spacetime is not asymptotically 
flat. However, it is shown that in some special cases, it can describe ordinary Kaluza-Klein black 
holes. 
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I. INTRODUCTION 



In modern string/supergravity theories and gauge theories, higher dimensional black holes and other extended black 
objects have played important roles. In particular, physics of black holes in the five-dimensional Einstcin-Maxwell- 
Chern-Simons (EMCS) theory has recently been one of the subjects of increasing interest since the discovery of the 
black ring and other black object solutions with multiple horizons 04H|- The five-dimensional EMCS theory 
describes the bosonic sector of five-dimensional minimal supergravity, which is one of the simplest supergravity sharing 
many common features with the eleven-dimensional supergravity, and can be obtained as a certain low-energy limit 
of compactified string theory In particular, hidden symmetries such dimensionally reduced theories possess are of 
technical importance since they enables us to construct non-linear sigma models [HI, [l3| , which can be useful tools for 
the proofs of black hole uniqueness theorems [I3 - il6j or for solution-generation of black holes. In fact, various types of 
black- hole solutions in the EMCS theory have so far been found, with the help of the solution-generating techniques 
recently developed by using such non-linear sigma models [lj, fl7H22l | . 

The dimensional reduction of the bosonic sector of five-dimensional minimal supergravity to four dimensions leads 
to a theory with a massless axion and a dilaton coupled to gravity and two U(l) gauge fields with Chern-Simons 



coupling [12|, |23W25| | . As was shown in Ref. [12| , the field equations derived by the dimensional reduction are invariant 
under the action of a global SL(2,M.) group, by which Maxwell's fields are related to Kaluza-Klein's electromagnetic 
fields. This so-called SL(2, M)-duality invariance enables us to generate a new solution in (the bosonic sector of) five- 
dimensional minimal supergravity by stating from a certain known solution in the same theory, as the G"2(+2) -duality 
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invariance [l2| does. In our previous work |26|, we utilized a spacclikc Killing vector for the dimensional reduction 
(hence the dimensionally reduced four-dimensional space is Lorentzian) and developed a formulation in which by 
using a certain known solution in five-dimensional pure gravity as a seed solution one can obtain new solutions in 
five-dimensional minimal supergravity. 

One reason for our interest in developing new solution-generating techniques is the possibility that they might be 
used to generate the most general KK black hole solutions in five-dimensional minimal supergravity. In p7j it has been 
shown that such a solution is characterized by six parameters - the mass, angular momentum and electric/magnetic 
charges of the Kaluza-Klein gauge field and Maxwell field, respectively. So far, ones with some charges of them have 
been discovered by several authors (28l - [37j . In [2(| we applied the spacelike-Killing SX(2,R) transformation to the 
Rashccd solutions, which are known to describe dyonic rotating black holes (from the four-dimensional point of view) 
of five-dimensional pure gravity and has four independent parameters, and successfully obtained a new class of KK 
black-hole solutions with five independent parameters, though we were not be able to find, within that framework, 
the ones with the maximal number (= 6) of parameters. 

Therefore, in this paper, we focus on another SL(2, R) symmetry which appears in a spacctime with a timelike 
Killing vector. The dimensional reduction of the Lagrangian can be done mostly in parallel in both timelike and 
spacelike cases, except the sign flips of some terms which result in different coset spaces, SL (2,WL)/SO (2) if spacelike 
and SL(2, M.)/SO(l, 1) if timclike, just like the SL(2,M.) symmetries of dimensionally reduced pure Einstein theory 
[38M40l ] . This 51/(2, R) is, of course, a subgroup of the G 2 (+2) symmetry if the spacetime allows another spacelike 
Killing vector, and the two SL(2, R) group actions do not commute but generate the whole G2(+2)- 

The purpose of this paper is to examine whether or not this timelike-Killing SL(2, R) can be used for generating 
six-parameter solutions. We will see that it cannot, unfortunately. We first present the 5X(2,R) transformation 
formulas in a unified way so that they can be used in both spacelike and timelike cases if the signs are appropriately 
chosen, and generalize our previous work 26] to the timelike case. Then, as an example, we apply it to the Rasheed 
solutions again to obtain rotating Kaluza-Klein black hole solutions in five-dimensional minimal supergravity. As will 
be shown later, in general the resulting (dimensionally reduced) spacetime geometry (which can be derived by the flip) 
has the so-called NUT parameter, and hence the four-dimensional reduced spacctime is not an asymptotic Minkowski 
spacetime. However, in some special cases, it can be shown that the NUT parameter vanishes and hence in that case, 
it can describe usual Kaluza-Klein black holes, i.e., asymptotically flat black holes from a four-dimensional point of 
view. 

The remainder of this paper is organized as follows: In the next section, we will discuss our strategy for the solution- 
generation technique in both the spacelike and timelike cases. In particular, we will show that in the timelike case, 
the dimensionally reduced field equations have SL(2, R)/S0(1, 1) invariance. In Section III, by acting the SX(2,R) 
transformation on a certain seed solution, we write down some necessary formulas. In Section IV, we provide some 
brief review concerning the Rasheed solution, which we use as a seed in this paper. Also, applying actually this 
formalism to the Rashccd solutions, we present black hole solutions and study some basic properties, in particular, 
its asymptotics. Section V is devoted to summarizing our results and discussing our new method. In Appendix A, we 
apply the duality transformation to the asymptotically flat five-dimensional Myers-Perry black holes [4JJ, and show 



that the solution obtained thereby coincides with the Cvetic-Youm solution [42j. In Appendix B, we clarify the precise 



relationship between the SL(2, R)-duality transformation and the non-linear sigma model approach provided in [l3| 



II. D=4 SL(2,R) DUALITY WITH A TIMELIKE KILLING 

In this section, we summarize the S'L(2,R) duality symmetry of five-dimensional minimal supergravity in the 
presence of a timelikc Killing vector field. The reduction procedure is basically the same as the spacclikc case, 
except the sign flips of some terms in the Lagrangian and the duality relations. They result in different coset 
spaces, SL(2,R)/SO(2) if spacelike and SL(2,R)/SO(l, 1) if timelike, just like Ehlers' or Matzner-Misner's SX(2,R) 
symmetry of dimensionally reduced pure Einstein theory. 

The conventions and notations are basically the same as those used in [26| . The Lagrangian is 

C = (V> - \F MN F M A -L=e MNp Q R F M NF PQ A R . (I) 

The vielbein E y M is related to the five-dimensional metric G MN as 

^(5) _ p (5)/lp(5)B fl) s 



3 



where 

rjAB =diag(+l,+l,+l,+l,-l) (3) 

in the present case. e MNp Q R is the densitized anti-symmetric tensor which takes values ±1. 
As usual, we decompose the vielbein and gauge field as 

,(5) a _ ( p-iE {i l a B^p 



= , P „ y y (4) 

A M = {A^, A t ), (5) 

where p (a) is the four-dimensional curved (flat) index. Correspondingly, the five-dimensional coordinates x M are 
grouped into {x^,t), and r] a p = 8 a p. All the fields are assumed to be independent of t. 

To make the D = 4 5L(2,K) symmetry manifest, we need to dualize the Maxwell field A^ [l2|, EH into 



V = -pO^W - -K^PjS + -K A t B w (6) 



where 



We also define 



and 



= F'^+B^At, (7) 

^ = Ap-B^At,, (9) 
5 M „ = d^B v — d v B^. (10) 



^ = ( y i 



where 



Bn.V 



V^mV- 1 = K — + A"$*$) + -$$* 2 /i$, 

2 4 

V _1 oV _1 = -<rA" + $ + i($$* 2 if + AT<r 2 $)-i$$*$-i<M>* 3 A"$, (13) 

^("o%i) .-Ut).'-(?s). 

X = (1 + ** 2 )" 1 , 0=-L p -%. (15) 



Explicitly, 



w£ - A t B^-F$ = -F^, (16) 

= ^ - - M* * + P 3 * B» v . (17) 

Note that the sign of second term of (|12p. Also, two of the terms of a has changed their signs compared to the 
spacclike case [26j , while the matrix to has remained unchanged. 



It is convenient to introduce 

T = ( 



?v> = ( ) > 
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so that the equations of motion and the Bianchi identities are expressed in a unified way: 

dT = 0, T= -T^dx* Ndx v . 



(19) 



This means that T must be written as dA for some four-component column gauge potential vector A = Andx^, where 



An — 



( 4 \ 

—A' 

V J 



(20) 



where and are some gauge potentials that satisfy A^ v = d ll A l/ — d v A^ and Hn V = d^W^ — d,/H?, respectively. 



It can be shown that T^ v satisfies 



where 



(21) 



V 



v- 



, V_ = cxp 



— $* 



(22) 



The scalar Lagrangian Ls can be written, using 



(23) 



n' = v- 1 nv = n'~ 



(24) 



£ s = —E^TTd^n'd^n 1 . 

The equations of motion and the Bianchi identity arc invariant under 

•F uu 1 ^ A t/-^ ) 
V i ^ VA, 

Since the 5L(2,M) transformation (|26|) is a rigid one, it can also be written at the gauge potential level: 

An I ^ A _1 ^ u . 



(25) 



(26) 
(27) 
(28) 



(29) 



The point is that, once the gauge potential vector A^ can be computed for the seed solution, the new and — A' ^ 
fields can be found by simply a trivial matrix multiplication. The nontrivial task is the computation of A^ and H^, 
but the effort is reduced compared with the integrations of the potentials in the Gi sigma model approach. 

The scalar matrix 1Z is defined as a 4 x 4 matrix in (|23[) : it is more convenient to consider scalars in the defining 
representation of SX(2,K) by using the Lie algebra isomorphism tt: 



1 





tt(F') = ( J o ) ' < H '^ 



1 

-1 



A generic group clement of SL(2, K) can be expressed as 



A = e SE' e (lo S1 )H' e -eF' 



(30) 



(31) 



which corresponds to 



tt(A) 



1 -S 
1 



7 

7- 1 



1 

-e 1 



a b 
c d 



(32) 
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for nonzero d, where a, b, c, d, 6, e and 7 are all real numbers with ad~bc — and 7 7^ 0. The element with d = can 
be obtained by blowing up the singularity that occurs in the limit 5 — > 0. Since the Cartan algebra degree of freedom 
does not add a new parameter to the solutions, we set 7 = 1 for simplicity and ignore the e H factor [2a|. (In fact, it 
also turns out that this SL(2,M) transformation can add only one independent parameter, and S may also be set to 
zero [26|.) Hence 



A = 



A 



/3<5 2 



V3e 



46e 
2 



1 



V35 2 
1 

-V36 
-6 3 



-6(3Se + 2) 
-V3e 

-e(3(5e + 2) 3<5e + 1 

V36{6e + 1) 2 -S 3 V3S 2 (6e + l) 

( 3<5e + l V35 2 ((5e + 1) 5(35e 

x/3e 2 (<5e + l) {Se + lf V3e{Se 

e{3Se + 2) V3S(Se + l) 2 3S 2 e 2 +45e 

\ V35 6 3 V35 2 



v / 3e 2 (<5e + 
(Se + l^ 3 

2) V3e \ 
l) 2 e 3 
-1 V3e 2 
1 / 



1) 2 \ 
1) 



+ 1) 3 ) 



(33) 



(34) 



Also wc find 



which transforms as 



tt(A) 



6e+l -5 
-e 1 



P- 1 -7SP- 1A * ) 



n(TZ) 1— > 7 r(OA" 1 fi)7r(^)7r(A), 7r(fiA -1 fi) = ^ 5( + 1 J J . 



(35) 



(36) 



(37) 



III. TRANSFORMATION FORMULAS 



The SL{2, R)-duality transformation requires that solutions should admit the existence of at least a single Killing 
isometry. In this paper, we assume that a spacetime admits two commuting Killing vector fields, timelike one d/dt 
(at least at infinity) and spacelike one d/dx 5 and that each component of the spacetime metric and gauge potential 
1-form are independent of t and x 5 . While in our previous work [26[ we have used the spacelike Killing vector d/dx 5 
for SL(2, R)-duality transformation, where the five-dimensional metric is written as 

ds 2 = p 2 (dx 5 + B^) 2 + p _1 ds 2 4) , (38) 

we now rather use a timelike Killing vector d/dt and hence one should complete the square by dt for a certain seed 
solution: 

ds 2 = -p 2 (dt + B^dx* 1 ) 2 + p~ x ds\ iy (39) 

Here p., v, ■ ■ ■ runs indexes except x 5 and p, v, ■ ■ ■ runs ones except t. ds^j = g^vdx^dx" and ds(^ = g^dx^dx 1 ' are 
the four-dimensional metrics on the dimcnsionally reduced spacetime and space, respectively. In this paper, we call 
the operation flip. In general, this operation changes a set of the fields (fl$L, B^, A^, p, A§) to a set of different fields 
(<?«* , -B/i, Ajx, P, A t ), while the flip itself does not generate any new solutions, ,i.e., the solution described by the fields 

(s~>\ Bjx, Ap,, p, A t ) is the same as the one by (g$ , B^, A^, p, A 5 ). After the flip, one performs the SL ( 2, R)- duality 
transformation for the flipped seed solution and then can obtain, in general, a different solution in the bosonic sector 
of D = 5 minimal supergravity (we denote these field by new). Finally, one again flip the solution, i.e., one completes 
the square by dx 5 rather than dt for the obtained solution. Through this paper, we denote the flipped fields by 
attaching hat. To summarize, the procedure of obtaining new solutions by the series of transformations is as follows: 

-> Flip -> (gf),Bp„ Ajx, p, A t ) 

-> SL(2,R) duality transformation -> (g$ new , B? ew , A% ew , p new , A? ew ) 

. 1 I „(A)new r>new tnew tnew\ 

->• 1> lip ->• (g^J ,B^ , A^ ,p new ,A 5 ). 



6 



Further, though the below formula, we assume that the spacetime also admits another spacelikc Killing vector d/d(f> 
which commutes with the other two Killing vectors. In general, this symmetry assumption is not necessary required 
for our SL(2, R)-duality transformation. This is simply for later convenience and, actually, in the following section, 
we will apply our transformation to the Rasheed solutions which have this symmetry. In this case, it can be shown 
that a two-surface orthogonal to the three Killing vector fields are integrable [3 Ej]. For the integral two-surface, 
we use two coordinates (r, 9) . 

A. Flip 

By completing the square by dt, we can easily obtain the flipped scalar fields (p,A t ), U(l) gauge fields (B^, A^) 
and four dimensional metric gf~ . After the flip operation, the dilaton and axion fields can be written in the form: 



P~ 



p 2 B 2 



-1 (4) 

P 9tt 



(40) 



A t = A t . 

The gauge potential 1-forms for the Kaluza-Klein U(l) field and Maxwell U(l) field are, respectively, 



Bp,dx" 



Afi — Afx- 



d<j> 



^dx 5 



(41) 

(42) 
(43) 



The four-dimensional metric is 



(4) 



+2 ( fl «dr* 



,( 4 U 4 ) 



_(4)2 



9tt 9 t <p p , , 2 



(44) 



B. SL(2,R)-duality transformation 

In general, performing the SL(2, R)-duality transformation on the flipped fields (|4"U)) - (|4"4"| yields a different solution 
from the one obtained by starting from the unflipped (hence, original) fields. According to (|37[) . the dilaton and axion 
fields for the new solution take the forms, respectively, 



Pi. 



(45) 



e 2 p 2 



V3 



Also, by ([26|) . the two U(l) gauge fields are transformed to 



(46) 



* new 



V3e 2 (l + Se)A fi + (1 + Se) 3 B (l - V3e{l + <5e) 2 i' A + e 3 H? , 



(3de 2 + 2e) A A - V36(l + e5e) 2 £ A + (36 2 e 2 + 4<5e + l) A'p, 



VZe 2 Hf. 



(47) 
(48) 



Under the transformation, the four-dimensional metric is invariant: 



~(4)neiu »(4) 



(49) 
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C. Flip again 



Finally, in order to write the fields (g^ ncw , B? ew , A™f w , p new , A™ ew ) in the standard Kaluza-Klcin form (though 
this is not always required), we again must flip the new solution by completing the square by dx b . After performing 
the second flip, the dilaton and axion field (p new , A^ ew ) for the new solution are in the following forms, respectively, 

PL W = -{ P ne W ) 2 {Br W f + {Pne W T X 9ir, (50) 



^~ = i™. (5i) 



The two U(l) gauge fields are 



Pnew Pnew 



n etc 



Anew Anew 



(53) 



The dimensionally reduced four-dimensional metric ds^ new 



gW new dx^ dx v is given by 



ds 



(4)r 



Pnew 
Pnew ^ 



*(4)new I * 



- (A)new 

9jl 

~ (4)new 
955 



ew d9 2 



^ (4)new ^ (4)new - (4)neu;2 9 

9^ #55 ~~ 9 5 <p P n ew 7,2 



~ (4)new 

955 



Pnew 



(54) 



IV. APPLICATIONS 



A. Rasheed solution 



In the following subsection, using the SP(2, R)-transformation mentioned in the previous section, we will generate 
a rotating black hole solution, starting from the Rasheed solution [29|. Hence, in this section, we briefly review the 
Rasheed solutions in five-dimensional pure gravity ( We also apply our technique to asymptotically flat black hole 
solutions such as the five-dimensional Myers-Perry solutions [4j|. Sec Appendix A for this.). The metric of the 
Rasheed solution is given by 



ds 2 = j(dx 5 + b^) 2 + yjrf^ 4) , 

where the four-dimensional (dimensionally reduced) metric is given by 



ds U = — 



r- 



-.{dt + uP 



'AB 



dr 2 



^ABdO 2 



'ABA 

T 2 



/AB " r " ' A 

Here the functions (A, B, C, w%, uj 5 ^, f 2 , A) and the 1-form P M (4(| are 

2P 2 E „ „ „ 2 JPQ cos 6 



sm 



A 



B = r 



-Y 



E 
V3 



E - \/3M 

2Q 2 E 
E + v^M 



+ a 2 cos 2 1 



+ a 2 cos 2 1 



(JU + E/\/3) 2 -Q 2 ' 
2 JPQ cos 9 



C = 2Q(r-Z/V3)- 2PJCOSe ( M r + ^ 
V 7 ; (M-E/V3) 2 -P 2 



2 J sin 2 6> 



(M-E/V3) 2 -P 2 ' 
(M 2 + E 2 - P 2 - Q 2 )(il/ + E/V3) 



(M + E/V3) 2 - Q 2 



(55) 
(56) 

(57) 
(58) 
(59) 
(60) 
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5 _ 2PAcos6> 2QJsin 2 6>[r(M-E/V3) + APZ/ A /3 + E 2 -P 2 -Q 2 ] 

w*- j 2 /2[(M + S/V3) 2 -g 2 ] ' ( 

A = r 2 -2Mr + P 2 + Q 2 -E 2 + a 2 , (62) 

/ 2 = r 2 - 2Mr + P 2 + Q 2 - E 2 + a 2 cos 2 0, (63) 

BpdaP = ~dt + (w 5 + ~a>°^ d<f>, (64) 

where P M describes the electromagnetic vector potential derived by dimensional reduction to four dimension. Here 
the constants, (M, P, Q, J, E), mean the mass, Kaluza-Klein magnetic charge, Kaluza-Klein electric charge, angular 
momentum along four dimension and dilaton charge, respectively, which are parameterized by the two parameters 
(a J) 

(1 + cosh 2 a cosh 2 /?) cosh a 

M = ; Mfc, (65) 

M k , (66) 



2^/1 + sinh 2 a cosh 2 8 
\fi cosh a ( 1 — cosh 2 f3 + sinh 2 a cosh 2 /3 ) 



2 v/ 1 + simT a cosh 2 8 



Q = sinh ay 1 + sinh a cosh 8 Mk, (67) 

sinh 8 cosh /3 . . 

P = ==M fc , (68) 

1 + sinh 2 a cosh 2 8 



J = cosh /3 y 1 + sinh d cosh /j aM k . (69) 
Note that all the above parameters are not independent since they are related through the equation 

O 2 P 2 2E 

(70) 



S + V3M E - V3M 3 ' 
and the constant Mk is written in terms of these parameters 

M 2 = M 2 + E 2 - P 2 - Q 2 . (71) 

The constant J is also related to a by 

T 2_ 2 W + S/v^) 2 - Q 2 ][(M E/V3) 2 - P 2 ] 

J M 2 + E 2 -P 2 -Q 2 ' U j 

The dilaton and axion fields for the Rasheed solution are, respectively, 

p=y Fz> ^ 5=o - (73) 

The Kaluza-Klein gauge field and Maxwell field are, respectively, 



B^dx* = ~dt + + ^oj% ) dcf>, A^dx* = 0. (74) 



B. Flipped Rasheed solution 

By completing the square for the time coordinate t, the metric of the flipped Rasheed solution is obtained: 



ds 2 = I — (dt + B^) 2 + J Af2 _ C 2 d§ U ■ (75) 
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where the gauge potential 1-form for Kaluza-Klcin £7(1) gauge field is 



dx b 



BC 



Af 2 - C 2 



w 4> + w ^ 



and the four-dimensional metric is 



S/ 2 



A/ 2 - C 2 



(dx 5 + w 5 #) + — 



Sill 



From this, the dilaton and axion read 



Af 2 - C 2 



The gauge potential one-form for Maxwell field are 



AB 



A t =0. 



Afi = 0. 



2 AA . 2n , , 2 , /dr 2 I/l2 



(76) 

(77) 
(78) 

(79) 
(80) 

(81) 



C. Transformed Rasheed solutions 

Applying the SL(2, K)-duality transformation to the flipped Rasheed solution, we can obtain new Kaluza-Klein 
black hole solutions in D = 5 minimal supergravity. By putting A t = in Eqs. (|45|) and (|46]l . the two scalar fields 
for new solutions are written as 

(82) 



(1 + eS) 2 - e 2 p 2 



v/3 



(1 + eS)S- ep 2 
(1 + eS) 2 - e 2 p 2 



Putting A(l = A 1 - = in Eqs. (|47p and (|48p. we immediately obtain the two vector fields as 



A ~ 



Bp = (l + 5e) 3 i? A + e 3 W£, 
(1 + 5e) 3 A? ew - V3S(1 + <5e) 2 ] Bp, + (e 3 A™ w - V3e 2 ) , 



where H? can be obtain by actually integrating Eq. ([TT]) as 



ft 



B _ -2PQ - 2 J cos 
A ' 



(83) 

(84) 
(85) 

(86) 



(c 2 r 2 + cir + c ) cos + d 3 r 3 + d 2 r 2 + d x r + d Q 



A 



where the constants bo, Co, c\, c%, do, d\, d%, d 3 are defined by: 

2JP (M + E/V3) 



bo = -da = 



(M-E/V3) -P 2 



(87) 
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Co 



, 2 4E 2 8V3MP 2 
-4a 



-Q 

! L 3 -V3M + S 

+ (24J 2 P 2 (54Af 6 + 63\/3M 5 i: - 9Af 4 (6P 2 + 12Q 2 - 13E 2 ) 

+6%/3A/ 3 £(-12P 2 - 15Q 2 + 11E 2 ) - (3Q 2 - E 2 )(9Q 2 (P 2 + Q 2 ) - 3(2P 2 + 5Q 2 )E 2 + 5E 4 ) 
+3M 2 (27Q 2 (P 2 + Q 2 ) - 18(2P 2 + 3Q 2 )E 2 + 28E 4 ) + V3M E(45Q 4 - 66Q 2 E 2 + 19E 4 + 6P 2 (9Q 2 - 4E 2 )))) 



81a 2 



M-E/V3) -P 



M + E/V3J - Q 



Cl 



C2 



4QE 
x/3 

-2Q, 



4J 2 P 2 Q (M + E/v/3) 



(M-E/V3) -P 2 



A/ + E/V3 



(89) 

(90) 
(91) 



2JP(81v / 3a 2 M 2 Q 2 (-2M 2 + P 2 + Q 2 ) + 81M(a 2 (3M 4 + M 2 Q 2 - 2Q 2 (P 2 + Q 2 )) 

+2P 2 (2A/ 4 - 2M 2 (P 2 + Q 2 ) + Q 2 (P 2 + Q 2 )))E + 27V3(3a 2 M 4 + 2M 6 - 4Af 2 P 4 
-(2M 4 + M 2 P 2 + 2P 4 + a 2 (Af - P)(M + P))Q 2 

+ (a 2 + M 2 - 2P 2 )Q 4 )E 2 - 27M (6a 2 M 2 + M 4 - AM 2 P 2 - 4P 4 - (7a 2 + M 2 - 6P 2 )Q 2 + 2Q 4 )E 3 
+9\/3(-6a 2 Af 2 + M 4 + 12Af 2 P 2 + 4P 4 - (5a 2 + M 2 - 11P 2 )Q 2 + Q 4 )E 4 + 9 M (3a 2 + 2 A/ 2 - 8P 2 + 7Q 2 )E 5 

-3\/3(-3a 2 + 8Af 2 + 12P 2 + 5Q 2 )E 6 - 3A/E 7 + 5V3E 8 ) 



8l73a 2 (M-E/V3) 2 



(M - E/V3 



P' 



M + E/V3) -Q 



(92) 



di = 



2JP(27V3a 2 M 2 (AI - Q)(M + Q) + 54A/(a 2 M 2 + 2Af 4 + Q 4 - Af 2 (P 2 + 2Q 2 ))E 
-9\/3(37l/ 4 + M 2 (2P 2 - 3Q 2 ) + g 2 (a 2 - 2(2P 2 + Q 2 )))E 2 - 18Af(a 2 - 3A/ 2 - 5P 2 + 2Q 2 )E J 
-3^3(-a 2 + 8A/ 2 + 6P 2 + lig 2 )E 4 - 30A/E 5 - 11\/3E 6 ) 

27V3a 2 (A/-E/\/3) (m - E/V§) 2 - P 2 (m + E/\/3) 2 - Q ; 



m — 1 



(93) 



ch = - 



2JP(-18A/ 4 - 9Q 2 (P 2 + Q 2 ) - 15v / 3M 3 E + 3(2P 2 + 7Q 2 )E 2 - 7E 4 + 3A/ 2 (6(P 2 + Q 2 ) - HE 2 ) 



-3V3AfE(4P 2 + 5(Q - E)(Q + E))) 



9a 2 



A/-E/\/3) 2 -P 2 (M + E/V3) 2 -Q 



(94) 



D. Flipped transformed Rasheed solution 



By flipping the metric and Maxwell's U (1) field again according to Sec. lIII Cl one can read off the (Lorentzian) metric 
and Kaluza-Klein's U(l) field and Maxwell's U(l) field for the four-dimensional dimensionally reduced spacetime. 



E. Asymptotics 

Now we investigate asymptotics of the obtained solution. It turns out that the solutions do not have Kaluza-Klein 
asymptotics in a usual sense since after the flip the t(/>-component of the dimensionally reduced four-dimensional 
metric (|54j) at infinity r — > 00 behaves as 



{A)new 



1 



^(c + 2Q e 2 cos0)+O(r- 1 ), 



(95) 
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where the constants N and are 



N = {l + Se) 2 



(96) 



2JPe 3 ( 18M 4 + 9Q 2 (P 2 + Q 2 ) + 9\/3M 3 £ - 3 (2P 2 



-By/SMT, (-4P 2 - 3Q 2 + 3£ 2 



5S 4 - 3M 2 6 (P 2 + Q 2 ) - 5E- 



2 (3M 2 - 3P 2 - 2V3MY, + S 2 j \3M 2 - 3Q 2 + 2V3ME + S 2 j . (97) 

The constant term vanishes under the coordinate transformation t — c — > t but the term proportional to cos 9 does 
not vanishes (hence this is not a simply gauge). The existence of this term means that the dimensionally reduced 
spacetime has the so-called NUT parameter. Though as a result, for our solutions the dimensionally reduced four- 
dimensional spacetime are generally not asymptotically Minkowskian, if and only if Qe = 0, this NUT parameter 
vanishes and our solutions describe usual Kaluza-Klein black holes. 

V. SUMMARY AND DISCUSSION 

In this paper, in the choice of a timelike Killing vector, we have performed dimensional reduction to a four- 
dimensional Euclidean space and have also shown in that case the field equations are invariant under SL(2, R) / 5*0(1, 1) 
transformation. In the timelike case, we have also developed a new solution-generation technique using the duality 
transformation, as we have done in [26} for the spacclike case. As an example, by applying this transformation 
to the Rasheed solutions, we have obtained rotating Kaluza-Klein black hole solutions in five-dimensional minimal 
supergravity. In general, in contrast to the spacelike cases, the resulting dimensionally reduced solution includes the 
so-called NUT parameter and for this reason, in general, the dimensionally reduced spacetime is not asymptotically 
flat. However, In some special cases (for instance, when the electric charge Q for the Kaluza-Klein U(l) field vanishes, 
it can describe ordinary Kaluza-Klein black holes. 
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Appendix A: Myers- Perry black holes 



The flipped metric of the five-dimensional Myers- Perry solutions is given by 



ds 2 



Q 2 ) I* Q 2 - r 2 



^ sin 2 9d<j> 



rib 



\ ( r 2 a 2 
„ cos 2 6dip) + [x + a 2 + — n 
Q ~ r o / V Q - r o 



x + b 2 



rib 



r'lab 



sm f sin 



Q - n J g — ?o 

where 

g 2 = x + a 2 cos 2 6 + b 2 sin 2 9, A = (x + a 2 )(x + b 2 ) - r 2 x. 
The dilaton and axion are, respectively, 



:os 2 9 + 2 sin 2 9 cos 2 OdSdib + ^—dx 2 + g 2 d9 2 

Z I — r Z 4- A 



(Al) 



(A2) 



p = Wi-4, A t = 0, 



(A3) 



and the Kaluza-Klein's and Maxwell's U(l) fields are 



Bjxdx^ 



o" -2 
sm 



9 ? 

g 2 -rl 



rib 



g 2 - r 2 



cos 2 9dip, Andx^ 1 = 0. 



(A4) 
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Integrating Eq. (fl7|) . we obtain 



H?dx^ = hrl{x + a2) d6 - ar2 ° {x + b2) d^ 



(A5) 



Consider the rescale of the coordinates: 



dt 
N 



dt, Ndx — > dx, 



the redefinition of the parameters: 



jVV2 ro r0) N ^ a a , ivi/2 6 



(A6) 



(A7) 



where we have defined N = -f 2 — e 2 (7 = 1 + 6e). Further, transform the coordinates 



dt- 



-3 r o b 



i 2 -b 2 



~3 r a 



l 2 -b 2 



di\) —> dt, 



(A8) 



where e = e/N 1 / 2 and 7 = 7 /TV 1 / 2 . After the redefinition and coordinate transformations, the metric (derived by the 
SL(2, i?)-duality transformation) takes the following form: 



ds A 



[72 - g 2 (i _ rl/^y 
+ [f - i 2 (1 - rl/s 2 )] 



1 - ii 



7 3 a 



e 3 6 



7*6 



'V-r 2 g 2 



— cos^ 



2; + cr + 



£> 2 - ? 



sin z 6> sin^ 0d<^ 



- b 2 + -^L cos 2 0^) cos 2 + 2 ''° ab q sin 2 cos 2 0## + — dx 2 + g 2 d9 2 



9 2 

6 1 - »o 



(A9) 



This coincides with the metric form of the Cvetic-Youm solution (42 ) which was (rc)derived by the (?2(+2) transfor- 
mation in Ref. [HI (Note that 7 = c and e = — s). See Appendix B for the relationship between the two, SL[2,R) 
and G> 



2(+2), 



transformations. 



Appendix B: Relation to the Harrison transformation in the G 



2(+2) 



duality 



In this Appendix we clarify how the time-like SL(2, R) transformation, investigated in this paper, is embedded into 
G 2 (+2) if the given seed solution allows another spacelike Killing vector J^. A similar analysis for the case when the 
two Killing vectors are both spacelike was already done in J24| ■ 

We decompose the four-dimensional metric (vielbein) and gauge field as 



77,(4)0 

An 



e*E (3 2 a C m e-* 
e~ 

(A m , A z ) 



(Bl) 
(B2) 



and write 



E 



(5)A 
M 



e^E^ BLef 



e? 



{.A m , A{), 



(B3) 
(B4) 



1 S Q ] 



p 2 e 




pB z 



, e = detef , B l m = (C m , B m ). 



(B5) 
(B6) 
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Here m (a) is the three-dimensional curved (flat) index, i — t,z and a = 1,2. All the fields are assumed to be 
independent of t and z. Then the reduced Lagrangian reads 



C = £ (3) LR (3) + \d m g ij d m gij - e' 2 d m ed m e - ^d m A i d m A j 

--/gaBl^™ - ^e 2 F^F^ mn - ^EF>- 1 f r m »&F mn d p A i A^j , (B7) 
where = e"77 s ge| and fin = F mn — 2B"i n d m \A i . The vector fields B) n and A m are dualized by adding the Lagrange 



3 

multiplier terms 



^.mult. = —^{FLn^ + BlMi) (B8) 

and completing the squares. Up to duality relations we have 

£ + ^g.mult. = £ (3) (^ (3) + \d m g l] d m 9lJ - e- 2 d m ed m e - lg^d m A i d m A j 
+\e- 2 {d mV >-^=e i3 A i d m A j ){d m ^p- ±= e kl A k d m A{), 

+ \e- 2 g^(d m ^ - Aid m <p + -^=e kl A i A k d m Ai){d m ^ - Ajd m <p + -^j=e k ' 1 ' A 3 A k ,d m A v ) 

(B9) 

The duality relations are 



F£l = -e-'E^h^id^-^A^A,), 



B\ nn = - e - 2 E^- 1 e m J(d p i }i -A i d p cp+^=e M A i A k d p A l ). (BIO) 

From (|B9|) the target space metric can be read off, in terms of a matrix (g)jj = gij and vectors (A)i = A4 and 
(ip)i = ipi, as 

ds 2 target = ^(g-^g) 2 + erHe 2 + Id&z^dA- \e- 2 Up - -L c « A t dA- 

-\e- 2 (d$-A (dip - -^e^AidA^ g" 1 (d$ - A(dip - J^e kl A k dA l jj . (Bll) 

Comparing (|B11[) with the target space metric of ref.[l3j], eq.(77), the translation rules are: g — > X, e — > r^, ip — > fj, 
and A —> V3ij} and ip — > V. 

To reveal its group theoretical structure, we introduce a set of G 2 (+2) generators h\,h2,E % j (1 < i 7^ j < 3), E % 
(1 < i < 3) and E 1 * (1 < i < 3), satisfying Q 





= 0, 


KE j k ] 


= SiE\-di +1 E l+ \- 


lh t ,Ei} 


= StE*-5t +1 E>+\ 


KE*] 


= -{S]E*-S^ l E* +l) , 


W 31 E\] 


= 6 k E\-8\E k v 


[E l p E k ] 


= 5 k E\ 


\E l v El] 


= SlE*, 


[E\&] 


3 

= -2^2e ijk E* k , 
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[E*,E*] 


= +2Ve ijfe £ fe , 

Z J ■ 

k 


[E\E*] 


= :'./•:• , if * , .,. 


[E\E{] 


= 2hi + h 2 , 


[E 2 ,E* 2 ] 


= -hi + h 2 , 


[E 3 ,E*] 


= -hi-2h 2 , 



(B12) 

where e y and eyfc are totally antisymmetric tensors with e 123 = £123 = 4-1 (The sign convention for £123 was —1 in 
[23| ). This is the realization due to Fruedenthal, which shows the close relationship between the two exceptional Lie 
groups Eg and G2 [U, EH- Then the G 2 (+2) group element 



V (3) = cxp (-(loge\)hi - (logeJel)/i 2 ) expt-e^e 2 ..^) cxp^B^) cxp 
gives rise to a right invariant vector field 



1 



2^" 



4-e" 



1 



1 



A^' ) exp ( -^pEt ) (B13) 



logp)/ii 4- -9m(0 - logp)/i 2 -e2p*d m B z E\ - -y=e^d m Ai E a 



(B14) 



1 

7! 



1 



d m ipi - Aid m ip + 



1 



3\/3 



To obtain the reduced Lagrangian (|B9p . we define the symmetric space involution r, which is an automorphism and 
decomposes the G 2 (+ 2 ) Lie algebra into its eigenspaces: 



g 2(+2 ) = e©K, 

H = {X e G 2(+2) I t(X) 

K = {Xe G 2(+2) I r(X) 

In the present case, HI is defined to be a subspace spanned by 



& 2 + h, i_, hi 3 4- E 1, hi 3 



£ 3 2 , B 1 B 2 



-X}. 



EX and £ 3 4- E. 



3 ! 



and K is by 



£^2 - £ 2 1; E\ - £ 3 1; £ 2 3 + E\, E 1 + El, E 2 - E;, E 3 - El, hi and h 2 



(B15) 
(B16) 
(B17) 



The reduced Lagrangian (|B9|) can be obtained (with a suitable overall constant normalization factor) by projecting 
(jB14|) onto K and taking trace of the square. H is the Lie algebra of the SO(2, 2) ~ SL(2,R) x 5L(2,M) subgroup, 
and hence IK the Lie algebra of the coset space G 2 ( +2 )/SO(2, 2). According to the general prescription, the coset 
representative is 



U (S) = r(V (3)-l )V (3) j 



(B18) 



then E^Trd m lZ^~ 1 d m lZ^ is automatically proportional to (|B9[) . Note that the coset representative can be chosen, 
as in [l3j], to be a symmetric matrix, which can be obtained by multiplying a suitable constant matrix to T?.' 3 ' from, 
say, the right, but it is not necessary. 

The timelike-Killing SL(2,M) we considered in this paper acts as a group multiplication to the SL(2,M) generated 
by E 2 , E\ and —hi + h 2 . On the other hand, using the dictionalry given below (|Blip . one can identify that these 
generators are represented in [l3| as 



E 1 











V2\ 




/ 









( 2 











\ 



















-1 


0) 







-1 

























1 
















-1 




















,E* 2 = 








V2 


, h 2 - hi = 











-2 
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1 





-1 

































1 


Vo 





V2 


) 




V V2 





J 




\o 











0/ 



,(B19) 
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and the matrix C in 1131 for the Harrison rotation 



C = 



( c2 








s 2 








^sc \ 





c 











s 











c 





— s 








s 2 








c 2 
















— s 





c 











•S 











c 





\ V2sc 








^sc 








c 2 +s 2 J 



c = cosh 



a, s 



sinh < 



(B20) 



can be written as exp(— a(E 2 + E^)), and hence belong to the timelike-Killing SX(2,R). This explains why we have 
obtained the Cvetic-Youm solution in Appendix A. Note that exp(— a(E 2 + E2)) is not the same as the SL(2, R) group 
element used in Appendix A; this redundancy of the SX(2,R) group element was already reported in the spacclike 
Killing case [26|. 
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